Abstract. The finite difference (FD) method is popular in the computational fluid dynamics and widely used in various flow simulations. Most of the FD schemes are developed on the uniform Cartesian grids; however, the use of nonuniform or curvilinear grids is inevitable for adapting to the complex configurations and the coordinate transformation is usually adopted. Therefore the question that whether the characteristics of the numerical schemes evaluated on the uniform grids can be preserved on the nonuniform grids arises, which is seldom discussed. Based on the one-dimensional wave equation, this paper systematically studies the characteristics of the high-order FD schemes on nonuniform grids, including the order of accuracy, resolution characteristics and the numerical stability. Especially, the Fourier analysis involving the metrics is presented for the first time and the relation between the resolution of numerical schemes and the stretching ratio of grids is discussed. Analysis shows that for smooth varying grids, these characteristics can be generally preserved after the coordinate transformation. Numerical tests also validate our conclusions.
Introduction
The FD method is historically old and plays an important role in the computational fluid dynamics [1] . In recent 20 years, due to the efficiency and simplicity, various high-order schemes based on the FD method have been proposed and widely used in direct numerical simulations (DNS), computational aeroacoustics (CAA) and large eddy simulations (LES), in which the high resolution is needed. At present, the high-order FD method has been successfully applied in the simulations of incompressible, compressible and hypersonic flows [2] [3] [4] and several other practical applications [5, 6] .
In the studies of high-order FD method, different discretization techniques for the spatial derivative are developed. The common one is the explicit scheme which is directly derived from the Taylor series expansion. For steadiness, the numerical dissipation should be introduced by different ways, such as using upwind schemes. However, a shortage of such schemes is that a long stencil is needed to achieve the desired order of accuracy, which makes the boundary schemes difficult to design [7] . To reduce the stencil width, the compact scheme becomes another choice. Compact FD schemes with spectral-like resolution are first systematically studied by Lele [8] and gain a quick development. Recently, Rizzetta et al. [5] carried out a high-order compact scheme with compact filter, which has been demonstrated to produce accurate and stable results in large eddy simulations. A family of hybrid dissipative compact schemes is proposed by Deng et al. [9] and suitable for simulations in aeroacoustics. To make compact schemes possess the shock-capturing capabilities, many efforts have been devoted [10] [11] [12] , which were well summarized by Shen and Zha [13] . However, as stated by Tam [14] , the Taylor series truncation cannot be used to quantity the wave propagation errors which are dominant in CAA and this issue results in the development of optimized schemes, where the order of accuracy is lowered to reduce errors over a range of wavenumbers [15] . One of the classical optimized schemes is the dispersion-relation-preserving (DRP) scheme developed by Tam and Webb [16] , which is capable to accurately resolve harmonic components with few points-per-wavelength [17] .
In most cases, the development of the FD schemes is based on the uniform Cartesian grids. However, in the simulations of practical problems, the use of the nonuniform or curvilinear grids is inevitable for adapting to the complex configurations. For solving this issue, some schemes are especially designed. Gamet et al. [18] modified the original compact scheme to approximate the first derivative on the nonuniform meshes. Cheong and Lee [19] developed the GODRP finite difference scheme to locally preserve the same dispersion relation as the original partial differential equations on the nonuniform mesh. Moreover, Zhong et al. [20, 21] used the polynomial interpolation to derive arbitrary highorder compact schemes on nonuniform grids, which have been adopted for simulations of hypersonic boundary-layer stability and transition. Although these schemes can be directly applied on the nonuniform grids, the distribution of grids is still relatively simple (for example, the grids are only stretched along each direction of the Cartesian grids), making the schemes difficult to extend to practical conditions. Another method of dealing with the nonuniform or curvilinear grids in the FD schemes is to employ the coordinate transformation (or named Jacobian transformation), which is the most popular way. Using this method, the original schemes can be applied in the computational space where the grid is uniform Cartesian one, but as a result, the metrics and Jacobian are involved in the governing equations, which should be carefully treated [22, 23] .
At this moment, a problem arises naturally that when the coordinate transformation is introduced, whether the characteristics of the FD schemes that are evaluated on the uniform grids can be preserved, especially for the high-order schemes. The characteristics include the order of accuracy, resolution characteristics and the numerical stability. These characteristics are important for any numerical scheme and this problem is critical as we expect to apply the FD schemes to a wide range of flow simulations. Actually, many researchers have noticed this problem and carried out some studies. Gamet et al. [18] compared the calculation results based on the coordinate transformation with those using the nonuniform compact schemes on the random mesh. Visbal and Gaitonde [24] carried out detialed studies on the errors introduced by the mesh nonuniformities in finite-difference formulations. Chung and Tucker [25] compared the resolution characteristics by the Fourier analysis on uniform and nonuniform grids, but the detail expressions were not given. In this paper, we present a systematic analysis of the characteristics of the FD schemes in computing the first order spatial derivative on nonuniform grids, when the coordinate transformation is used. The nonuniformity involves many factors such as the grid size, stretching ratio and smoothness, which is a very complex problem. In this study, we restrict our attention to the smooth varying grids and the non-smooth case is left for further study. For the order of accuracy, we find that the designed order can be preserved, as the metrics are evaluated in the same high-order schemes. The resolution characteristics are studied by the Fourier analysis and we derive the dispersion and dissipation errors for the FD schemes when the metrics are included, which is not discussed before. The results show that the resolution characteristics on the nonuniform grids can be preserved as well, as long as the stretching ratio is controlled. The asymptotic stability is also analyzed by computing the eigenvalues of the matrices obtained by the spatial discretization. By comparison, it is found that the coordinate transformation may degrade the stability of the FD schemes when the stretch of grid is stronger at the boundary points, which puts forward higher requirements to the boundary schemes.
The rest of this paper is organized as follows. In the next section, we first present the one-dimensional wave equation after the coordinate transformation. Based on this equation, the order of accuracy, resolution characteristics and the asymptotic stability of the FD schemes on nonuniform grids are analyzed in Section 2.2 to Section 2.4. Numerical tests are presented in Section 3 to validate the analyses. Section 4 concludes this paper.
2 Analysis of the characteristics of the FD schemes on nonuniform grids
One-dimensional wave equation
In this section, the characteristics of the FD schemes when the coordinate transformation is used are analyzed in detail. These characteristics include the order of accuracy, resolution characteristics and the numerical stability. For convenience, we take the onedimensional wave equation into consideration,
Without loss of generality, we set a to be 1, so that the analytical solution of Eq. (2.1) is
where the form of function g is determined by the initial conditions. As classified by Whitham [26] , the solution represents a hypersonic wave with the constant phase speed and group velocity. In numerical simulations, the first order spatial derivative is approximated by the numerical difference. In this paper, we discuss the effect of the coordinate transformation on the nonuniform grids, so Eq. (2.1) is transformed into
where ξ x is the metric and satisfies ξ x = 1/x ξ . As the coordinate transformation only influences the spatial derivative, the time integration is not discretized and keeps the analytical form in this study. Therefore, only the semi-discrete equation is used,
where δ is the difference operator and the subscript n represents the position of the corresponding grid point.
The order of accuracy
For Eq. (2.4), the truncation errors are introduced by both the numerical difference and the evaluation of the metrics. After the transformation, the FD schemes in computing δ ξ f are the same with those on uniform grids. In this paper, we adopt two FD schemes (COM6 and WCNS) that are developed by Lele [8] and Deng [11] respectively. The compact scheme used by Lele is 6th-order and can be expressed as
where f ′ represents ∂ f /∂ξ and ∆ξ is the interval in the computational space. In practice, the classical 4th-order Padé scheme and 3th-order compact relation are used for the nonperiodic boundary problems [18] at points 2 and 1. The boundary formulations are
Moreover, the explicit WCNS scheme based on the values at cell-edges is in the following form,
which is also 6th-order. The values at cell-edges can be obtained by the interpolation and in consideration of the characteristic direction of Eq. (2.1), a 5th-order upwind interpolation is used,
The boundary schemes are discussed in [27] . The 5th-order interpolations at cell-edges 1/2 and 3/2 can be expressed as
The difference schemes at points 1 and 2 are
which are both 4th-order. Besides the spatial derivative, the metrics should also be evaluated by the high-order numerical scheme to keep the overall order of accuracy. When the coordinate transformation is adopted in the FD schemes, another issue of the freestream preservation arises, which has been fully studied by many authors [22, 23, 28, 29] . However, for Eq. (2.4), this issue is negligible and the metrics can be obtained in the same manner with the spatial derivative.
To study the effect of the coordinate transformation on the order of accuracy, Eq. (2.4) is solved. Numerical errors and the accuracy order are presented. The computational domain is [−1,1] and the non-periodic boundary condition is specified at the left boundary. Two analytical solutions are used in this paper,
Both the uniform and nonuniform grids are adopted and the stretching function proposed by Gamet [18] is used, where C is a constant and taken as C = 1.5. The time advancement is accomplished through a 3th-order Runge-Kutta scheme and the time step is chosen to be small enough to make the errors in time negligible. Tables 1 and 2 present the errors and the accuracy order at t=1. It can be seen that although the absolute errors on the nonuniform grids are larger, nearly the same accuracy order is achieved on both the uniform and nonuniform grids. This shows that the designed accuracy order of the scheme can be preserved on nonuniform grids as the coordinate transformation is utilized in the FD method, as long as all terms in the equations are discretized in the corresponding high-order scheme.
Analysis of the resolution characteristics
The resolution characteristics of the FD schemes are analysed by the Fourier analysis, which is extensively described by Vichnevetsky and Bowles [30] and has become a classical technique for comparing differencing schemes [8] . However, most of the analyses are implemented on the uniform grids [31] or directly on the nonuniform grids [21] . The case that the coordinate transformation is involved is seldom studied. In this section, the detail formulae of the Fourier analysis of Eq. (2.3) are presented and the comparisons with the results on the uniform grids are made.
Following the discussions in [25] , the mapping function between the uniform gird in the computational space ξ and the nonuniform grid in the physical space x is assumed to be
where γ is the control parameter and is set to be 3 in this paper. As the mapping function is known, we can use the analytical metrics in the discussion. For the compact scheme in Eq. (2.5), the difference operator δ can be expressed in the matrix form, 
which can be further expressed as
Taking any row in the above matrix, the semi-discrete equation can be written in another form,
As ξ x = 1/x ξ , the above equation can be further simplified into
which will be used in the Fourier analysis. The essence of the Fourier analysis is to analyze the accuracy of the finite difference approximation of a partial differential equation [30] . Therefore the most straightforward method is to compare the analytical and approximate solutions. For Eq. (2.1), the analytical sinusoidal solution is in the form of 20) where ω is the space frequency (for the analytical solution of the wave equation, the time frequency Ω equals to ω) and v(0) is defined by the initial condition. In the same manner, the approximate solution of the partial differential equation that is determined by Eq. (2.19) can be assumed in the following form, 
represent the real part and the imaginary part ofÂ(ω), which correspond to the dissipative and dispersive errors respectively.Â(ω) can be further simplified intô 24) from which it is found that it is the metrics that make sense in the Fourier analysis, not the coordinates of grid points. As the distribution of the grid points in space ξ is uniform, x ξ reflects the stretching ratio of the grid points in the physical space, which is widely used and controlled in grid generations. Therefore the effect of the nonuniform grids on the resolution characteristics is evaluated by the stretching ratio in this paper, instead of the coordinates of grid points.
Based on above equations, the dissipation errors of the FD schemes are evaluated by the real part ofÂ(ω), which is zero for the analytical solution. The dispersive errors are related to the imaginary part ofÂ(ω). In order to express the dispersive errors in an intuitive way, we first calculate the phase velocity of Eq. (2.23),
As the phase velocity is different as the spatial position changes, the value of the metric in Eq. (2.25) is obtained at the calculation grid point n. The exact phase velocity of the wave equation is c * = 1, so that the dispersive errors can be evaluated by comparing the phase velocity, which is often depicted in the figure of time frequency Ω and space frequency ω [30] ,
In Eq. (2.26), the analytical metrics are used and the influence of the nonuniform grids are evaluated by the stretching ratio, which is defined as
For Eq. (2.13), the computational domain in the physical space is [1, 2] and the stretching ratio is controlled by adding or removing grid points. The results on the uniform grids can be easily obtained by setting the metrics to be constant. Fig. 1 shows the dissipative and dispersive errors with different stretching ratios. Moreover, results on the uniform grids and the exact solution are presented at the same time. It can be observed from Fig. 1 that although the symmetry schemes are designed to be non-dissipative on the uniform grids, the dissipative errors are non-zero on the nonuniform grids. As the stretching ratio increases, more dissipative errors are introduced in the numerical scheme. Dispersive errors are also greatly influenced by the stretching ratio: if it is small, the difference of dispersive errors between the uniform and nonuniform grids is indistinguishable; however, if amplified, the dispersive errors on the nonuniform grids experience an obvious increase, and degrade the resolution characteristics.
The above discussions are based on the compact scheme (COM6). For the explicit one, it is just a special case of the compact scheme with α =0. Substitute it into Eqs. (2.24) and (2.25) and it is easy to verify that the dissipative and dispersive errors are the same with those on the uniform grids. This is because the metric used in Eq. (2.25) is obtained at the calculation grid point n, which will be divided out by the metric in Eq. (2.24). ThereforeÂ(ω) becomes a pure imaginary number and brings in no dissipation error. However, different from the consistent resolution characteristics on the uniform grids, the dispersive errors vary in space on the nonuniform grids. To further study the effect of the stretching ratio on the explicit scheme, we present the dispersive errors at the half points on the left and right of the calculation point. Accordingly, the metrics in Eq. (2.25) are replaced by (
. For convenience, we use a 4th-order explicit scheme with α = 0, a = 4/3 and b = −1/3. The dispersion errors for different stretching ratios are shown in Fig. 2 . Similar with the results in the compact scheme, the dispersion errors are enlarged rapidly and become unacceptable as the stretching ratio increases. From the above discussions, it is found that the resolution characteristics of the FD schemes have a close relation with the stretching ratio of the grids. The characteristics can be preserved as long as the stretching ratio is controlled, no matter for the compact or explicit schemes. Actually, in the practical process of grid generations, the stretching ratio is often required to be less than 1.25. The current study also validates the requirement from the resolution characteristics point of view.
Asymptotic stability analysis
The asymptotic stability is an important characteristic of the numerical schemes and it decides whether a scheme can be used for solving Eq. (2.1). Carpenter et al. [32] started an early discussion about this issue. Based on the semi-discrete equation, the first-order spatial derivative at all grid points including interior and the boundary can be written as
Substituting the above equation into Eq. (2.1) leads to (2.29) where
, and g(t) represents the physical boundary conditions imposed on the boundary grid point. If the coordinate transformation is used, the metrics are introduced and Eq. (2.29) where [D] is a diagonal matrix such that
For guaranteeing the stability of the overall FD schemes, it is required that the eigenvalues of Eq. (2.30) lie in the left half of the complex plane. In this section, we first present the asymptotic stability analysis on the uniform grids. The eigenvalue spectra of COM6 and WCNS schemes is shown in Fig. 3 . It can be seen that all the eigenvalues are in the left half and both schemes are steady. For the nonuniform grids, the coordinate transformation is introduced and the characteristic of the eigenvalues has a close relation with the grid distribution. Fig. 4 presents the eigenvalue spectra on the nonuniform grid defined by Eq. (2.12). On this grid, both schemes are steady, which is also demonstrated by the practical calculations in Section 2.2. In order to further study the behavior of the eigenvalues on the nonuniform grids, another spacing function with strong stretch is used [33] , 32) where α controls the grid points from a Chebyshev grid (α → 0) to a uniform grid (α = 0). In this paper, α is chosen to be 0.5 and Fig. 5 presents the eigenvalue spectra. Fig. 5 shows that the WCNS scheme is still steady on this grid, but the real part of the eigenvalues gets close to zero. On the other hand, the COM6 scheme becomes unsteady as some eigenvalues appear in the right half of the complex plane. This is because the stretch is stronger at the boundary points where the boundary schemes are implemented. Actually, the design of steady boundary schemes is a challenge for the high-order schemes in the FD method. The above discussions indicate that the nonuniform grids may aggravate this problem, especially when the strong stretch exists at boundary points. However this condition is usually encountered in solving the Euler or Navier-Stokes equations. Therefore the development of steady boundary schemes in the high-order FD method is critical. Furthermore, it should be noted that the asymptotic stability analysis is based on the linear wave equation, which cannot fully represent the characteristics of the numerical schemes in solving nonlinear equations. This may leave us the possibility to obtain the high-order and steady boundary schemes.
From the above analysis in Sections 2.2 to 2.4, we find that the characteristics of the FD schemes can be generally preserved on the nonuniform grids when the coordinate transformation is used. However, the discussions are based on the smooth varying nonuniform grids. The cases of non-smooth or random grids are out of the scope of this paper.
Numerical results
In this section, numerical tests are presented to validate the analyses in this paper. In consideration of the good numerical stability, the 5th-order explicit WCNS scheme is used. Although the second spatial derivative corresponding to the viscous terms is not discussed, a test case governed by the Navier-Stokes equations is also included. The numerical schemes for the viscous terms can be found in [34] for detail. In multi-dimensional problems, the metrics and Jacobian are evaluated by the symmetric conservative metric method (SCMM) developed by Deng [23] .
Two-dimensional channel flow
The two-dimensional channel flow is an isentropic flow governed by the Euler equations, which was first discussed by Casper et al. [35] . In this paper, the C3 geometry is used, and the shape of the middle section is determined by
where y 1 (x) and y 2 (x) represent the lower and upper walls respectively. Other parts of the walls are alone the direction of x and defined by { y 1 (x) = −0.5,
The grid is generated by a mapping from a rectangle space (ξ,η) to the physical point (x,y),
Moreover, the boundary conditions used in this test case are presented in [36] . To demonstrate that the FD schemes after the coordinate transformation can preserve the original characteristics, four different grids are used in the numerical calculations, which are labeled as Uniform, Chebyshev, Chebyshev-0.5 and Exp. The Uniform grid does not mean the grid in the physical space is uniform, but the gird in the rectangle space (ξ,η) is uniform and the other grids are defined in the same manner. The Chebyshev represents a Chebyshev grid alone η and the Chebyshev-0.5 defines the grid by Eq. (2.32) with α = 0.5. The grid labeled as Exp is generated by the following mapping function, where γ = 0.5 and β = 1.01015 are constant [37] . Fig. 6 illustrates the configuration of the channel and different grids. The global L 1 entropy errors on different grids are listed in Table 3 and also plotted in Fig. 7 . It can be seen that the entropy errors agree well with each other and the distribution of the grid points does not influence the numerical results much. The calculated order of accuracy is presented in Fig. 7 as well, and all the values are close to 5.0. It indicates that the designed accuracy order can be preserved when the coordinate transformation is used and this technique is indeed usable in the practical simulations.
Two-dimensional isentropic vortex
This problem is widely used in testing a high-order CFD method's capacity to preserve vorticity in an unsteady inviscid flow [38] . The initial flow is the superposition of a uniform flow and a vortical movement. As periodic boundary conditions are adopted, the analytical solution after several periods euqals to the initial state. Therefore the errors introduced by the numerical schemes can be easily evaluated. The distribution of the velocity can be expressed as
where r =
and U ∞ is the unperturbed velocity. The calculation of the pressure, temperature and density can be found in [38] . In this paper, the computational Two kinds of girds are used in this test case, which are the uniform grid and the wavy grid respectively. The wavy grid is generated by the following formula [24] ,
6a) 
where IL and JL denote the number of points in the ξ and η directions and x min =y min =0. Both girds are shown in Fig. 8 . Table 4 presents the errors of u and the accuracy order with different grid numbers. It can be seen that the designed order of the scheme is both achieved. The abnormality of the order between the first two girds is due to relatively stronger dissipation on coarse grids, which causes problems in the error statistics. Fig. 9 shows the numerical results with the grid number 120×120. In Fig. 9(a) , the value of u alone the vertical centerline is plotted. The numerical result on the wavy grid deviates the analytical solution more than that on the uniform grid. This indicates that the scheme introduces more dissipation errors on the wavy grid. Figs. 9(b) and 9(c) compare the vorticity magnitude contours. Some nonphysical wiggles are observed on the wavy grid, due to the dispersive errors. As we know, in this test case, the best results are obtained on the uniform Cartesian grids. However, from the above comparisons, we find the results on the wavy mesh are equally acceptable. The flowfield is well preserved when the coordinate transformation is used in the FD method.
Laminar flow around a delta wing
This test case is designed in the EU project ADIGMA [40] . With a free stream Mach number Ma=0.5, Reynolds number Re=4000 and at an angle of α=12.5 • , the delta wing is considered at the laminar conditions. As the flow passes the leading edge, it rolls up and creates a large vortex and a secondary vortex which are convected far behind the wing.
The geometry of delta wing [39] and a coarse grid are presented in Fig. 10 . In this paper, three different grids labeled as coarse, medium and fine are used in simulations and the grid number is increased by the ratio of 8. Because of the complex structure of the grids, the coordinate transformation should be used. The solution is initialized by a uniform flow and the no-slip adiabatic wall boundary condition is imposed. For comparison, both the 2nd-order and 5th-order schemes are adopted in this paper and all the calculations can converge to the machine zero. Table 5 collects the lift and drag coeffi- cients on three grids. For reference, the values of extrapolating the results obtained with a higher order DG method [41] are included. Fig. 11 shows the lift and drag coefficients with different grid sizes. It can be seen that as the grid is refined, the lift and drag coefficients both converge to the reference values, but the high-order scheme has a more rapid rate. The benefit of using a high-order scheme in the numerical calculations is obvious, as the vortex structure over the wing can be better captured. This test case demonstrates the schemes used in this paper can well resolve the features of the flowfield and can be applied in the simulations of practical problems. In addition, the Mach number contours at x = 2.6c for both the 2nd-order and 5th-order schemes are presented in Fig. 12 . From the comparison, it is found that the secondary vortex can be well captured using the 5th-order scheme, while the 2nd-order scheme has a much worse resolution. The advantage of the high-order scheme is ob-In the current paper, we only analyze the behaviors of first spatial derivative that represents the calculations of the convective terms. In fact, the viscous terms are equally important and worth studying. The effect of non-smooth girds on the FD schemes is a big and complex topic. Quantitative analysis is seldom seen. These issues are of great importance in the development of the FD method and we expect further studies.
